An optimized integration scheme for calculating vibrational-rotational partition functions by the Fourier path-integral method, as presented in the previous paper [R. Q. Topper and D. G. Truhlar, J. Chem. Phys. 97, 3647 (1992)] is applied to a three-dimensional test case involving the coupled vibrational and rotational motions of a diatomic HCI molecule in Cartesian coordinates. Converged partition functions are calculated by the new Fourier pathintegral Monte Carlo scheme and by standard variational methods, and the two sets of results are compared. We obtain good agreement (-2 %) between the two methods over a range of a factor of 20 in temperature.
I. INTRODUCTION
In the preceding paper! we presented a new Monte Carlo integration scheme for the calculation of quantummechanical vibrational-rotational partition functions 2 and demonstrated its convergence properties for a problem involving two coupled modes. The scheme is based on the Fourier path-integral representation of the density operator,3 Box-Muller importance sampling l • 4 of Fourier coefficient space, and adaptively optimized stratified sampling in coordinate space. In the present paper we present calculations on a three-dimensional test case.
A general motivation for the present study is the calculation of free energies (and hence equilibrium constants and transition-state theory rate constants) for small polyatomic molecules exhibiting strong anharmonicity or vibration-rotation coupling, wide-amplitude motions, multiple minima, or other features that make conventional approximations based on separable modes inaccurate or conventional quantum-mechanical calculational approaches based on harmonic-oscillator-spherical-harmonic basis functions hard to converge. In many such cases the essential complications of physical interest involve only two or three strongly coupled modes, and the demonstration here that the scheme converges for three-dimensional problems is directly relevant. In other cases the full vibrationalrotational space (six degrees of freedom for a triatomic, nine for a tetra-atomic, etc.) may be strongly coupled, and the present example may be considered a smalldimensional demonstration of convergence and a first step toward the application of such schemes to more demanding problems. In this regard we note that the scheme is well suited for implementation on parallel computers.
Section II presents the test problem. Section III presents a conventional calculation of the vibrationalrotational partition function for the test problem. Section IV presents the application of the new integration scheme. Section V presents the results of the two methods, and a)Present address: Department of Chemistry, University of Rhode Island, Kingston, RI 02881.
these results are compared and discussed in Sec. VI. Section VII is a summary with concluding remarks.
II. THE TEST PROBLEM
The test problem considered here is the diatomic HCI molecule, modeled in Cartesian coordinates. After removal of the center-of-mass coordinates and making the BornOppenheimer approximation, the vibrational-rotational Hamiltonian for a diatomic molecule is A.
where J.L is the reduced mass of the diatom, and VCr) is the potential energy as a function of the internuclear distance r. The advantages of choosing this problem as the test case are (i) the exact partition functions are easily computed by standard methods by separating the problem in spherical polar coordinates, and (ii) it illustrates a general scheme which may also be applied to polyatomics, where vibration-rotation separation is not trivial (in the generalization of the present scheme to polyatomics we envision replacing r by the hyperradius 5 ).
The internuclear potential we have chosen is the empirical form due to Hulbert and Hirschfelder. 6 Thus VCr) is approximated by
where y is a reduced internuclear distance defined by y(r) = 2 (B;e) 172 (r~ere), (3) and the parameters band c are given in terms of other constants: 
Here re is the equilibrium distance, and De is the equilibrium dissociation energy, which is obtained by applying the expression (9) with Do the ground-state dissociation energy, Be the rotational constant, a e the vibration-rotation coupling constant, and a>e> a>eYe> a>eze the anharmonicity constants in a Dunham series expansion of the vibrational-rotational energies:
The integers v and J are, respectively, the vibrational and rotational quantum numbers for the diatom. The experimental parameters 7 used as input for the potential function are given in Table I , and the resulting potential curve is shown in Fig. 1 . The dissociation energy De is 0.169 69 hartrees.
III. APPLICATION OF STANDARD VARIATIONAL METHODS
The vibrational-rotational partition function is conventionally obtained by applying variational methods to obtain the bound vibrational-rotational energy levels €uJ and summing their Boltzmann factors, weighting each Boltzmann factor with the appropriate degeneracy factor: (11 ) (12) where XvAr) is the vibrational wave function. The vibrational wave functions and associated eigenenergies are obtained by the Rayleigh-Ritz variational principle. 10 We use a basis of 1500 harmonic-oscillator eigenfunctions. The Hamiltonian matrix elements are calculated using 1600-point Gauss-Hermite quadrature. II Since the harmonicoscillator wave functions are defined on the region (-00 , (0) and thus do not have the desired r=O boundary conditions, their use requires some special handling. 12 First, we reset all quadrature nodes for which r</j to r=/j, where /j is set equal to 10-2 ao, with ao the Bohr radius. Second, the elements proportional to l/? are made nonsingular by replacing? in the denominator by ?+r6, where we take ro to be 2 X 10-3 ao' For this potential, we have found that the calculation is quite insensitive to the exact values of {j and ro; thus, no practical problems are encountered by handling the r= 0 boundary condition in this fashion.
IV. APPLICATION OF THE NEW FOURIER PATH-INTEGRAL METHOD
As discussed in the previous paper, I the partition function is obtained by representing it as the trace of the density matrix in configuration space. The density matrix is represented as a path integral in complex time,13 and the paths are expanded in a Fourier series 3 about a freeparticle "reference path."
We could solve the present problem as a onedimensional problem by using spherical coordinates, but instead we solve it in Cartesian coordinates as a prototype example of a three-dimensional nonseparable problem to test the convergence properties of our algorithm in three dimensions.
In order to represent the partition function in a computationally convenient form, the ratio of the partition function for the fully coupled system is divided by the partition function for a particle in a sphere centered about J. Chern. Phys., Vol. 97, No.5, 1 September 1992 the molecular center of mass. The domain in configuration space is truncated to the sphere, and the infinite Fourier series is truncated to include a finite number (K) of terms per degree of freedom. We then obtain a Riemann integral (13) where Qps( T) is the partition function for a particle in a sphere, equal to
Qps( T) = r 111 (2rr{J#) (14) with r the volume of the spherical domain D. Here, as in Eq. (1), the vector x is a three-dimensional set of Cartesian coordinates specifying the positions of the nuclei in a coordinate system with origin at the molecular center of mass, a is a (3 X K) -dimensional array of Fourier coefficients, and S(x,a) is an "action" integral of the potential energy along all paths which begin and end at the same value of x in a complex time interval (J":
with the components of xes) given by
The function g(a) is a normalized probability density function in Fourier coefficient space, given by
where G(a) is a multidimensional Gaussian about the origin
with temperature-dependent widths given by aj,l= 2{Jif 1m fI"?P,
The integral in Eq. (13) is evaluated by the Monte Carlo method described in the preceding paper.
1 In particular, the Fourier coefficient degrees offreedom are sampled according to g(a) by using the Box-Muller a1gorithm,4 which generates an uncorre1ated sample in the Fourier coefficient space, and the nuclear coordinates are sampled using the method of adaptively optimized stratified sampling. We have previously referred to this combination of techniques as the AOSS-U (adaptively optimized stratified sampling, where U denotes the samples are fully uncorrelated) method.
1
In the present implementation of the AOSS-U method, three concentric spherical boundaries enclosing the center of mass define the strata to be sampled optimally. The boundaries of the strata are determined adaptively during the course of the integration, using the function evaluations taken during the optimization stages as part of the final sample used for purposes of integration. 1 At each sample, all coordinates and Fourier coefficients are varied simultaneously. The one-dimensional integral in Eq. (15) is evaluated via 50-point Gauss-Legendre quadrature. 11 The Monte Carlo estimate of the integral is then given by where nk is the number of samples within each stratum, n is the total number of samples, and [Qps ( T) h is given by Eq. (14), but with the volume of the kth stratum OY k ) substituted for r. In all calculations we have used n = 100 000 samples.
Note that the accuracy achieved by this procedure depends on careful attention to several convergence issues: (i) the number of Fourier coefficients used per degree of freedom, (ii) the order of Gauss-Legendre quadrature used to evaluate the action integral, (iii) the size of the configuration space domain D, and (iv) the statistical error of the Monte Carlo procedure. We addressed these issues as discussed in detail in the preceding paper.
V.RESULTS
In this section we present vibrational-rotational partition functions computed by the variational and Fourier path-integral AOSS-U methods. In the variational partition function calculations, we have used 920 vibrationalrotational states to evaluate Eq. (11) , which corresponds to including all bound states up to J max = 64. The variational calculation is well converged with respect to the number of states included (the partition function is converged to three significant figures at 6000 K). The numerical parameters used to carry out the Fourier path-integral calculations via Eq. (20) are given in Sec. IV. Unless otherwise specified, we have used 128 Fourier coefficients per degree of freedom, i.e., K = 128. The domain of integration in calculations with this value of K is therefore 387-dimensional. Table II gives the variational results obtained by Eq. (11) and the path-integral results obtained by Eq. (20). The error bars given for the latter calculation represent 95% confidence limits. For both these calculations we take the zero of energy at a consistent location, namely the minimum of the potential-energy curve, where VCr) defined by Eq. (2) equals zero. For interpretive purposes Table II also gives the variational results for the partition function with the zero of energy at the ground state, i.e.,
As is well known from textbook discussions, Q( T) represents the effective number of occupied states. Table II shows that the two methods for evaluating the partition function agree within the Monte Carlo error bars over the range of temperatures T;;;.500 K. However, the Fourier path-integral AOSS-U calculations at T=300 and 400 K are systematically larger than the variational results, and the discrepancy is larger than that indicated by the 95% statistical confidence limits. Therefore we investigated the effect on the 300 K results of varying the number of Fourier coefficients as well as the order of GaussLegendre quadrature used to integrate the action integral. Increasing the number of Gauss-Legendre quadrature points had no discernible effect upon the T=300 K calculations, but increasing the number of Fourier coefficients included yielded a noticeable improvement. In Table III we show the effect of systematically including more and more Fourier coefficients. We see that 256 Fourier coefficients does not noticeably improve the situation, but 512 Fourier coefficients is enough to converge the partition function to the "exact" variational result within the statistical error limits. Further increasing K to 1024 coefficients (3075 dimensions) further improves both the accuracy and the precision of the result. Thus we see that the method converges, and the differences in Table II may be explained by K truncation. The small discrepancy between the two sets of results at 6000 K is due to the onset of appreciable dissociation, which is not included in the variational calculations. 
VI. DISCUSSION
In order to further assess the success of the Fourier path-integral method, we compare our results to results obtained through various commonly used approximate expressions. In particular, we consider the approximate separation of vibrational and rotational motions. In this approximation, the partition function is treated as a product of vibrational and rotational contributions:
Q(T) ~Qvib(T)Qrot(T).
( 22) If we treat the rotational part as a quantum rigid rotor (QRR) and the vibrational part of the problem as a quantum harmonic oscillator (QHO), the factors in Eq. (22) 
However, with the vibrational-rotational eigenvalues in hand one can obtain a "best separable" approximation by summing over all rotational states with v=O to obtain the vibrating-rotator partition function,
J and summing over all vibrational states with J=O to obtain a quantum anharmonic-oscillator partition function:
Equations (22)- (28) can be applied to calculate partition functions for the Hel molecule, and the results obtained with these approximations can be compared with the other treatments in order to assess the importance of quantum effects, anharmonicity effects, and vibrationrotation coupling. Note, however, that converged quantum calculations are necessary to evaluate Eqs. (27) and (28).
In Table IV we present the separable approximations to the partition function, obtained through the classical and quantal versions of the RRHO model, as well as through the quantal vibrating-rotor-anharmonic-oscillator (labeled BS, for "best separable") approximation of Eqs. (27) and (28). We compare partition functions obtained in this fashion to those obtained through the variational method described in Sec. III and through the Fourier pathintegral (FPI) AOSS-U method described in Sec. IV.
We first notice that the classical and quantal versions of the RRHO approximation are quite different from one another over the entire temperature range, although the dFully coupled partition function evaluated via Fourier path integrals (see Table II ). Unless otherwise noted, all calculations use K = 128 Fourier coefficients. 'Same as footnote d. except K = 1024. fFully coupled partition function evaluated via standard variational methods (see Table II ).
disagreement is not so extreme at the high end of the temperature range. This establishes the strongly quantummechanical nature of this molecule and shows that the present test case is not a "nearly classical" one. Next, we note that at temperatures between 600 and 4000 K, the quantum RRHO and variational partition functions only agree to one significant figure. At the higher temperatures the agreement is only qualitative, with errors up to 15% in the harmonic results. Thus the high-temperature results are not "nearly harmonic" either. The quantum "best separable" partition functions are quite accurate at low temperatures where mainly the v=O states are populated, but the errors increase to 4% at 6000 K (and of course the system is not even approximately separable in the Cartesian coordinates in which we solved it by the path-integral approach, which is why this is a good test case). This establishes the importance of quantum anharmonicity, nonrigidity, and nonseparability in this test case, at least in the high-temperature regime. The present study is instructive because it dramatically emphasizes the importance of including enough Fourier coefficients in the calculation and how this Fourier expansion converges more slowly at low temperature. In addition, we have demonstrated that the AOSS-U algorithm is robust enough to achieve a fully converged result while sampling a 3075-dimensional space. Moreover, in this system and in the system studied in the previous paper! we have observed that the fractional statistical error for a given number of samples actually decreases as a function of the number of Fourier coefficients included in the calculation. These observations imply that smooth convergence of the megadimensional integrals over the Fourier space are attainable with the present uncorrelated-samples Monte Carlo method.
Another point worth emphasizing is the complementary nature of the variational and the FPI AOSS-U calculations. For diatomic HCI the variational method is accurate and relatively inexpensive to apply, and it requires fewer basis functions to converge a low-temperature partition function than one at high temperature. This is important, because the numerical effort necessary to carry out the variational calculation grows rapidly as a function of the number of basis functions used to represent the system, due to the scaling properties of matrix diagonalization computations. However, the FPI AOSS-U method requires many Fourier coefficients at low temperatures and fewer at high temperatures, and the fractional statistical error for a fixed number of Fourier coefficients decreases as a function of the temperature. Therefore, if only high temperatures were of interest, the FPI AOSS-U method would be much less expensive than the variational method. However, the path-integral method does not become useful only in the "near classical" limit. For example, we note that even with K as low as 128, the path-integral calculation agrees with the quantal calculation within its 2% statistical uncertainty at 600 K, whereas the classical separable approximation is still in error by a factor of 4.8 at this temperature.
However complementary the variational and FPI AOSS-U methods are for a diatomic system, we expect the situation to change dramatically when one considers partition functions for polyatomic molecules. Variational calculations for vibrational-rotational states of triatomic molecules with J> 0 are currently considered to be state of the art,14 and only a few large-J calculations currently exist in the literature. In order to calculate the high-temperature partition functions for HCI, at least 60 rotational states are needed to obtain convergence to three significant figures. This situation is typical for hydrides, and much higher J would be required for nonhydrides, and for this reason fully converged high-temperature partition functions for triatomic molecules have not yet been reported in the literature. However, the FPI AOSS-U method does not suffer from this difficulty, as rotations are included in the Cartesian domain. Moreover, the FPI AOSS-U method is Monte Carlo based, and therefore scales well as a function of the dimensionality of the space to be sampled. 15 We are currently carrying out calculations on H 2 0 in order to address whether the scheme will perform as well for a sixdimensional triatomic.!S
VII. SUMMARY
We have carried out Fourier path-integral Monte Carlo calculations of vibrational-rotational partition functions, !.3 and hence quantum free energies, for the diatomic HCI molecule, using adaptively optimized stratified sampling! in the nuclear configuration space and uncorrelated sampling! in the Fourier coefficient space. The new method is in quantitative agreement with calculations carried out via standard variational methods over a wide temperature range (300<T<6000 K). In particular, we obtained 1 % or better agreement at 900-6000 K, -2% at 300 and 600 K, and 4%-7% agreement at 400 and 500 K. Furthermore, it is clear from the convergence studies at 300 K that good agreement could be obtained at 400-500 K as well by increasing the number of Fourier coefficients. Comparison of these calculations with various approximate methods, which separate the partition functions into vibrational and rotational contributions, show that vibrational-rotational coupling, anharmonicity, non rigidity, and quantum effects are important dynamical factors within this temperature range, and that the Fourier path-integral method accurately includes these effects. As the Fourier path-integral calculations are carried out in three-dimensional Cartesian coordinates, this work constitutes a fairly stringent test of the accuracy and generality of the method. Since the method is Monte Carlo based, there is good reason to expect that the method will scale favorably with respect to the number of degrees of freedom and be successfully applied to similar calculations on small polyatomic molecules.
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